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Exponentially Damped Modes in the Presence 
of Magnetic Field Shear

D. Dobrott

Courant Institute of Mathematical Sciences
N e w  York University-

Electrostatic waves are examined in an inhomogeneous plasma in 

which a slight shear exists in the magnetic field. The shear and inhomo­

geneity are produced by a small uniform macroscopic drift in the direc- 

tion of a strong uniform magnetic field. The resulting configuration is 

that of the self-consistent Harris sheet model, ̂  "stabilized" by a strong 

magnetic field. The analysis is m a d e  within the framework of the 

linearized Vlasov equation. There are two smallness parameters in the 

problem: the macroscopic drift and the reciprocal of the applied m a g ­

netic field. Use is m a d e  of these parameters and the high degree of

s y m m e t r y  to develop approximate orbits by the method of Krylov and 
2Bogoliubov. The resulting orbits are not uniformly valid in time, and 

hence results derived are only asymptotic. However, by using the W K B  

method, c ertain low- and gyro -frequency mo d e s  are found to be exponen­
tially da m p e d  of a finite period of time and thereafter dispersed m o r e

slowly. The low-frequency m o d e  is of the "universal" or "drift-wave"
3type discussed by Rudakov and Sagdeev as well as Krall and Rosenbluth. 1 2 *

1. E. G. Harris, "On a Self-Consistent Field Method for a Completely
Ionized Gas", N R L  Report 4944, Naval Research Laboratory, , L-A'7
Washington, D. C. (1957). Yi ^

2. N. Krylov and N. N, Bogoliubov, Introduction to Non-Linear
Mechanics, (Princeton University Press, Princeton, N. J. , 1947),

3.
4.

)>

L. I. Rudakov and R. Z„ Sagdeev, 
N. A. Krall and M. N. Rosenbluth,

Soviet Phys. ■— J E T P  10, 952 (I960). 
Phys. Fluids 4, 2 (1961). „
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A b r a h a m  Kadish

Courant Institute of Mathematical Sciences 
N e w  York University

A  two -fluid, collisionless, space-filling plasma in a strong m a g ­

netic field is assumed, with particle orbits given by the lowest order

guiding center theory. ̂  The mathematical model used to describe the
2system is that derived by H. Grad, in which the distribution functions 

are taken as functions of the magnetic m o m e n t  per unit m a s s  and the 

particle velocity along the magnetic field line as well as space and time. 

After linearization about a charge-neutral, homogeneous steady-state 

configuration, criteria for the stability of this configuration with respect 

to small initial perturbations are derived using analytic function theory 

and transform techniques. Under rather general conditions, it is shown 

that two necessary, but not sufficient, conditions for stability are that

—  + P  > PU 1 i (1)

B 2 1 P i+ 2P± > 3 p
o II

V (2)

where rj is a functional of the distributions. It is shown that 7] is 

greater than unity for distributions which are singly peaked in the 

velocity parallel to the magnetic field and is equal to six for spheri­

cally symmetric and two-temperature Maxwellian distributions. In

the latter case, (1) and (2) are, therefore, both trivially satisfied.
3Using a fluid model R„ Lust had derived these conditions with fj = 1 .

A n  easily verifiable sufficient condition for stability is derived, and it 

is shown that when exponential instabilities are present, the initial value 

problem for the linearized system is not well set. If, in the equilibrium



Kadish (cont. )

configuration, the distributions are bell shaped in the velocity parallel 

to B, then inequalities (1) and (2) are necessary and sufficient for 
stability. 1 2 3

1. G. Hellwig, Z. Naturforschung 1_, 508 (1955).

2. H. Grad, Proceedings of the S ym p o s i u m  on Electromagnetics and 
Fluid Dynamics of Gaseous Plasma. Polytechnic Institute of 
Brooklyn, April 1965.

3. R. Lust, "On the Stability of a Homogeneous Plasma with Non- 
isotropic Pressure", A E C  Report TID-7582, N ovember 1959.





Theoretical Problems Associated with
Ion Cyclotron Heating*

S„ Yoshikawa

Plasma Physics Laboratory, Princeton University

Ion cyclotron heating^ in the C Stellarator yields ion tempera,tures 

of several thousand electron volts in the local mirrors (1/10 of the total 

volume) with the energy confinement time up to 1 msec. This confine - 

ment time can be accounted for by electron cooling and ion-ion scatter ■? 

ing from the mirror. The apparent absence of influences of the MfID 

instability (e. g. ballooning) or the velocity anisotropy instability sug­

gests that instabilities m a y  not be too serious for moderate confinement 

times. W h e n  ions are heated in mirrors, the ratio of the perpendicular 

energy to the parallel energy increases. The wave energy absorption 

can be calculated to be proportional to (1 - C  /3 T / T ) if w e  assume
1 II ^

that the plasma is Maxwellian with anisotropic temperature. Here ft

is the parallel plasma pressure divided by the magnetic pressure, and C
_l/ 3

is a constant of the order of unity. Thus T J  T^ cannot exceed /3̂

This is consistent with the energy saturation observed experimentally. 

Direct heating of electrons by waves is also observed. This heating is 

independent of electron temperature suggesting that Landau damping of

waves by electrons m a y  be responsible. A  similar observation with the
3whistler m o d e  has been reported by Dolgopolov et al.

*

1.

Z.

3.

WfbfkPAnAmplished under auspices of U. S. Atomic Energy Commission.
T, H. Stix, The Theory of Plasma Waves (Me Graw-Hill Book Co. ,
N e w  York, 1962).

For example, see Eq„ (69), page 212 of reference 1.

V. V. Dolgopolov, A. I . Ermahov, N. I. Nagarov, K. N. Stepanov, 
and V. T. Tolok, Soviet Phys, - J E T P  18, 866 (1964).

5 =
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Quasi-Linear Theory for Small Larmor 
Radius Universal Instabilities

F„ C. Hoh

Boeing Scientific Research Laboratories

A  small L a r m o r  radius quasi - linear theory is developed for a 

class of unstable ion waves whose phase velocities along the magnetic 

field lie between the thermal velocities of ions and electrons. In the 

approximation of localized perturbations, the final state quantities of 

the plasma are given without specifying the detailed instability m e c h ­

anism. A n  es sential feature is that the quasi -linear theory predicts 

an anomalous "displacement" of a group of resonant particles rather 

than any anomalous diffusion. The theory is applied to a special 

type of the current-driven universal instability. Its quasi - linear 

consequences are explored.



Stabilization of a Current-Carrying Plasma by 
Wave-Particle Interaction

Gary A. Pearson 
University of California and 

Lawrence Radiation Laboratory, Berkeley

and

Allan N. Kaufman

University of California, Los Angeles

The Lenard-Balescu equation has been solved for the electron
velocity distribution in a uniform Coulomb (B = 0) plasma, with

e /e. > > i, subi ected to a uniform static electric field E  , It is e 1 o
found that the plasma remains stable as E  increases well beyondo
the value E cr^  , for which the Spitzer-Harm distribution predicts 

instability. This stabilization is due to a decreased anisotropy, 

caused by enhanced exchange of those waves which are barely stable 
and whose fluctuation energy is therefore large. Curves will be dis­

played of the enhanced Landau damping of these w a v e s , and of the 

energy spectral density,
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The Kinetic Equation for an Unstable Plasma in 
Parallel Electric and Magnetic Fields

Buxton D„ Fried and Sidney L. Ossakow

University of California, Los Angeles

The response of a homogeneous plasma to the sudden application of 
a strong, uniform electric field was studied^ by solving, self-consistently, 

the coupled equations for the one-particle and two -particle distribution 

functions, and it was shown that wave -particle interactions act to limit 

the electron runaway current, and, in fact, cause a deceleration of the 
m e a n  electron velocity. This work has n o w  been extended to include a 
very strong magnetic field, B^, parallel to the electric field. The basic 

approximations are the same as in the earlier work: neglect of three - 
particle correlations and the use of an adiabatic ansatz for the time 

dependence of the fluctuations. H o w e v e r , in the strong field limit, use of 

the Bernstein-Kruskal expansion in k^ r (k^ = wave number perpendicular
to B  , r = ion cyclotron radius} m a k e s  the problem effectively one -—  o c
dimensional, thus eliminating the need for factorization assumptions of the 

form f (v) = f|| (V|| ) f^ (v^ ). The kinetic equation becomes a diffusion 

equation in velocity space, and only the dominant contributions to the diffu­

sion coefficient, D, arising from the fastest growing waves, are retained.

D  is proportional to the equilibrium energy W  of the fluctuations, but u n ­

like the case B = 0 the calculation of W  as a function of wave number o
presents certain difficulties. Unequal electron and ion temperatures are 

assumed, but it is necessary to do the calculations for a specific value of 

T / T ., rather than simply assuming it to be large, as can be done when
B  = 0. For a number of parameter choices, W  is calculated and the kinetico
equation is solved as an initial value problem. F r o m  f (v, t) the current is

computed as a function of time. In contrast to the case B  = 0, it is foundo
that the diffusion is effective only for those electrons which have very small

1/ 2velocities (of the order of (m/M) ) in the ion rest frame. 1

1. E. C. Field and B. D. Fried, Phys, Fluids 7 , 1937 (1964).



Inter streaming Instabilities in the Presence 
of Binary Collisions*

O. Buneman

Stanford University

Relaxation (Krook) terms are introduced into the Vlasov equations 
for electrons and ions to describe binary collisions. Mutual Collisional 
interaction is taken into account by a rela.xation term which pulls each 
distribution function towards a. Maxwellian having the local instantaneous 
center - of-gravity drift of the two species.

Energy and m o m e n t u m  awe conserved with these relaxation terms.

In the presence of a dc electric field, a steady state is possible in which 

each species is non-Maxwellian and their relative drift repres ents the 

current associated with purely Collisional resistivity. However, when 

the current or drift exceeds a certain limit close to the electron thermal 

velocity, this state becomes unstable, as it does in the absence of binary 

collisions. Broadly speaking, as long as the collision frequency lies 

below the plasma frequency, a plasma will not support fields so strong 
that electrons get accelerated to supersonic velocities in the time between 

collisions.

* Based on work by G. Reiter, with support from an A E C  contract.



Studies of an Electrostatic Nonhelical M o d e
of Anomalous Diffusion*

O, B u n e m a n

Stanford University

Plasma columns which do not carry a direct or slowly varying 

current exhibit a type of anomalous diffusion that cannot be explained 

by helical instability theories, A  possibly m o r e  violent instability 

seems to occur in radio -frequency and reflex discharges. It consists 

of m  = 1, m  = 2, and/ or m  = 3 flutes, with k = 0, rotating at the E / B  

speed compatible with measured potential differences between column 
and wall.

A  two-dimensional model of the column within its insulating tube 

was p r o g r a m m e d  into a computer, ions and electrons being simulated 
as rods of electrostatically interacting charges.

Rotating charge bunches develop which create the azimuthal 

electric fields necessary for providing enhanced diffusion. The absence 

of a quiescent cylindrically symmetrical configuration (as in normal dif­

fusion) can thus be understood as the result of electrostatic instabilities 
in crossed fields.

* Based on work by R. Hockney, with support from an O N R  contract.



The Computation of Hydromagnetic Equilibria with 
Finite Pressure in M i n i m u m - B  Systems*

John Killeen and Kenneth J. Whiteman"*"

Lawrence Radiation Laboratory 
University of California, Livermore

are
The equations of hydromagnetic equilibria with a tensor pressure

j X B = div p
curl B  = iJ div B = 0

If w e  m a k e  the as sumption that p^ and p^ are functions of B  only and 

w e  consider only equilibria for which the field lines leave the plasma, e, gt 

mirror machines, stuffed cusp, etc, , then the above equations redp.ce to 

the single equation

curl v B  = 0 (1)

where

P „ ( B ) - P  .(B)
v ( B ) - — ----w----- - 1 (2)

B

In the axisymmetric case w e  can define the stream function \fs (r, z) where

b  = . ‘ a  b  = ir r 3z z r 3 r

and Eq. (1) becomes

h L  + ±  ,a.
3z 3r r 3r ) = 0

rv B 0 = constant

W e  solve Eq. (3) numerically using difference methods with arbitrary 
functions p(B). The procedure is to specify a vacuum field B^ and 

Pj  ̂and P|| (B) and then to compute the field due to the plasma and



Killeen and Whiteman (cent, )

modify B„ The solution is iterated m a n y  times until a self-consistent

solution is obtained. W e  then increase the plasma pressure and repeat
the procedure, thus obtaining solutions for a sequence of plasma pres -

sures. W e  applied this program to the stuffed cusp configuration and
1 2the "disc" device of Furth and Andreoletti. Both of these are axisym-

metric m i n i m u m - B  systems. W e  have used p . (B) and p (B) of the
3 1 II

type given by Taylor. The effect of increasing the magnitude of the 

plasma pressure is to distort the shape of the well and to lower the mini - 
m u m - B .  In some cases the magnetic well is distorted sufficiently for 

the plasma to "spill out". * 1

* W o r k  performed under the auspices of the U. S. Atomic Energy 
C o m m i s  sion.

Culham Laboratory, Culham, Abingdon, Berks. , England.

1 . H. P. Furth, Phys. Rev. Letters 11 , 308 (1963).

2. J. Andreoletti, Euratom Meeting on Mirror Confinement, July 1963 
(unpublished).

J. B. Taylor, Phys. Fluids 6, 1529 (1963).3.







John L, Johnson"*-

Plasma Physics Laboratory, Princeton University

A  series of numerical computations of the magnetic lines of force 

in a superposition of vacuum multipolar fields has been m a d e  to deter -
mine the efficacy of theoretical analyses which utilize the usual small-

1, 2amplitude asymptotic expansions. ’ These computations show that:

(1) the expansion results provide a good qualitative but not quantitative 

description of the magnetic surfaces even when the sizes of the pa r a m  - 

eters are far from the assumed ordering; and (2) numerical solutions 

of the equations for the lines of force can be us ed to determine the m a g  - 

netic surfaces and obtain the equilibrium functions V ' (ty) and L (xp). * 1

* This work accomplished under the auspices of the U. S. Atomic 
Energy Commission..

+ O n  loan from Westinghouse Research Laboratory.

1. J. L. Johnson, Phys. Fluids 7, 2015 (1964).

J. L. Johnson, Princeton University Plasma Physics Laboratory 
M A T T - Q - 2 2  (April 1965), p. 217.



Russell M, Kulsrud

Plasma Physics Laboratory, Princeton University

The stability of the negative V" systems of Johnson against the 

ballooning m o d e  is investigated by the normal m o d e  equations with zero 

and finite resistivity. For the case of zero resistivity a critical value 

of /3 , /3C , below which the systems are stable (where /3 = p/ (B^/ 8it) 

evaluated at the center) is determined by an expansion technique. This 

value of j8c is

/3 g J=L
2 A U

ii1'0
^  0

2 2 TT b

L
(1 )

where U  = J dll B taken along an arbitrary length L  of a line of force,

4 A  U  is the variation of U from the line of force of m a x i m u m  pressure to
-

5̂  a line at the edge of the plasma; b is the nearest distance of the latter

line from the axis and the length of line should be chosen to make the ex-;
Y
I pression on the right-hand side of Eq. (1) as small as possible, g is a

^  yP constant which in general is near one and depends on the particular config-
' / X  ̂uration.

\7 For the case of finite resistivity 7) the plasma is always unstable

\ to the resistive ballooning mode, and if one can neglect the flow of plasma

i along the line of force, its growth rate is CT = m^//3 T
. 2 ,  RT . = 4tt a MT).class C

class where

This work accomplished under the auspices of the U. S. Atomic 
Energy Commission.

1 . J. L. Johnson, Ph y s . Fluids 7, 2015 (1964).



Toroidal Vacuum Field with Minimized
Variation of <j> dl/ B *

C, So Gardner

Plasma Physics Laboratory, Princeton University

Analysis of the ballooning m o d e  indicates that it is desirable to 

design a toroidal field so that the relative variation of U  - <J>df/B is 

small. This can be achieved by periodic bulges or scallops in the 

field, a kind of "bumpy torus" configuration.

A n  analytical study of this effect was m a d e  by considering the 

following problem: to determine a toroidal vacuum field, having closed 

lines, such that the variation of U  is minimal, subject to certain con­

ditions . These conditions are: (1) the m i n i m u m  value of U  in the 

torus is given; (2) <f> B dl around the torus is given; (3) the torus is 

a periodic structure consisting of a given number n of identical sections 
in series.

The problem was solved for two-dimensional fields (meaning fields 

having no z-component and no z variation). The m i n i m u m  variation of 

U  for two -dimensional fields is approximately

where R, a are the major and minor radii of the torus.

In three dimensions a similar problem was solved in the large-n 
limit, assuming the field to have a special kind of dependence on n . The 

result here is that the m i n i m u m  variation of U  for the class of fields 
considered is

This indicates an improvement of 50% over the two-dimensional value.

A U
U

U  - U  •m a x  m m ~  2 (n-1) )2U  .min

This work accomplished under the auspices of the U. S, Atomic 
Energy Commission.



The Possible Value of Electron-Hole Plasma 
Experiments as Tests of Fusion Containment Schemes

J. E. D r u m m o n d  and B„ Ancker- Johnson

Boeing Scientific Research Laboratories

Kessler recently called attention to the similarity between theory
and experiment designed to determine the magnetic m o m e n t  of an elec -

2tron-hole plasma to that concerned with the equilibrium of current -
3

carrying toroidal electron-ion plasms. (Stellarator). This w o r k  
demonstrates the nearly complete correspondence between these classical 
diffusion processes. The modification of clas sical diffusion by instabilities
and the control of this enhanced diffusion by m i n i m u m  B magnetic fields

4has been studied in electron-ion plasmas by Ioffe et al. and in electron-
5hole plasmas by Ancker-Johnson and Berg. The stability theory by 

Furth and Rosenbluth^ for m a x i m u m  J 61/ B is extended in the present 

work to show the correspondence between instability growth rates of fusion 

plasmas and measurable alteration of decay rates of electron-hole plasmas.

1. J. O. Kessler, Seminar on the Relations between Fusion and Solid- 
State P l a s m a s , Oak Ridge, M a r c h  29-30, 1965 (unpublished).

2. A. R, Mo o r e  and J. O. Kessler, Phys. Rev. 132, 1494 (1963).
3. S. Yoshikawa, R, M. Sinclair, J. O, Kessler, and W. L. Harries, 

Phys. Fluids 6_, 932 (1963).
4. lu. V. Gott, M. S. Ioffe, and V. G. Tel'kovskii, Nucl. Fusion Suppl. , 

Pt. 3, 1045 (1963); Yu. T. Baiborodov, M. S. Ioffe, V, M. Petrov, 
and R. I. Sovolev, J, Nucl. Energy Pt, C, 5, 409 (1963).

5. B. Ancker-Johnson, Phys. Fluids 7, 1553 (1964); B, Ancker-Johnson, 
M. F. Berg, Proc. Internationa.! Conf. on Phys. of Semiconductors, 
Paris, Dunod, 1964, p, 513,
H. P. Furth, Proc. International Symposium on Plasma Physics, 
Trieste, 1964 (to be published).



The Second Adiabatic Invariant in the Second Approximation 

T. G. Northrop and C. S„ Liu

Lawrence Radiation Laboratory 
University of California, Livermore

Numerical integration of the guiding center trajectory in quadrupole 

mirror geometry has shown^ deviation of the guiding center from surfaces 

which would be followed if the lowest order of the second invariant were 

conserved. These deviations occur principally near the axial currents 
where shear in the field is large. To understand this effect, the first cor­

rection to the second invariant is needed and has been obtained by the gene
2theory of Kruskal. The method of calculation will be reviewed and the 

result presented.

1. J. Siambis, Ph. D. Thesis, University of California, 1964.

2. M. D. Kruskal, J. Math. P h y s . 3, 806 (1962).



Variational Principle for Long - Time Equilibrium 
in Particle Desc ription*

M„ Kruskal
Plasma Physics Laboratory, Princeton University

J. B. Taylor 
Culham Laboratory

Of interest is a distribution of particles in a magnetic trap which 
is steady not only on the hydromagnetic time scale of particle mirror 

traversal but for the longer time scale of significant gradient-B drift. 

The class of such equilibria is studied by an adaptation of the thought- 

experiment approach us ed by Kruskal and Kulsrud for toroidal hydro - 

magnetic equilibria. Particles are as signed to species according to 

their longitudinal (second) adiabatic invariant J = f v df in addition

to the usual m a s s , charge, and (first invariant) magnetic m o m e n t
2jtt = / 2B. Constants of motion of the system under an artificially

slow evolution are obtained- -c rucially, the third invariant (the flux 

enclosed by the magnetic cylinder traced out by the guiding center of a 
particle on the long time scale). It is shown that the variational condi- 

tions for the stationarity of the total energy of the system (under the 

constraints that these constants not vary) amount to just the conditions 

for long-time equilibrium. Possible equilibria are therefore character - 

izable by the sets of possible values of these constants in an assumed 

initial condition of the slow evolution. In the special case of equal-mass 

particles and no scalar potential, which is what has so far been c o m  - 

pletely analyzed, there is one equilibrium for each assignment of a singl 

function of one variable to each species, this function specifying the nurp 

ber of particles per unit flux.

* This work accomplished under the auspices of the U. S. Atomiq 
Energy Commission.



R. E. A a m o d t  and D. L. Book

General Atomic Division 
General Dynamics Corporation

W e  discuss the effect of the reflection of growing mode? from a 
density gradient on stability of confinement in a mirror geometry. A  

general convergent perturbation technique based on the W K B  method is 
developed. It is applied to the fourth order differential equation which 

describes propagation of low frequency electrostatic waves in the direc­

tion of a density gradient along the field lines. A s  a result, w e  calculate 

the reflection coefficient and find that significant reflection can occur 

before Landau damping becomes important. W h e n  this result is applied 

to the loss cone instability, w e  find a critical length for mirror systems 

which is substantially shorter than that obtained by Rosenbluth and Post'*’ 

in the neglect of reflection.

* Research sponsored by the Air Force Office of Scientific Research, 
Office of Aerospace Research, under Contract AF49(638)-1546.
M. N. Rosenbluth and R. F, Post, P h y s . Fluids (to—be—publrsrhed).
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Harold Grad

Courant Institute of Mathematical Sciences 
N e w  York University

A n  analysis of interchange stability according to macroscopic 

and according to guiding center plasma theory indicates that there 

exists a large variety of interesting mirror -type plasma configura - 

tions which should be grossly stable. These configurations are easier 

to deal with theoretically and easier to build experimentally than most 

other "stabilized" versions of mirror machines.





Instabilities of the "Low-Density Stable Regime" 
in the Mirror Machine*

Harold P. Furth

Lawrence Radiation Laboratory 
University of California, Livermore

For hot-ion, low-density mirror machine experiments the simple

flute instability is expected to disappear^ when k R  , where

D  is the Debye length, R  the field-line curvature, k = n'/n, and k isc o
the wave number. The observed persistence of "stable" oscillations

suggests that in the linear analysis the flute m a y  remain weakly unstable

even in the low-density regime. For the simple model of a m o n o  energetic

ion distribution, one finds that a weak dissipative mechanism, for example
1

resistive line -tying, will excite the upper branch (near the ion precession

frequency) of "stable" oscillation, and d a m p  the lower branch; but a strong
2 2dissipation will tend to suppress both branches. W h e n  k D  >>  1, the

Z Zmagnitude of the m a x i m u m  growth rate is CO = U) (k /k) (r / D  ) whereg C O  c
and r^ are the frequency and radius of gyration. In m i n i m u m - B  

geometry, both branches are always damped. The occasional experimental 

observation, ip mirror geometry, of the lower branch m o d e  (apparently 

depending on particle velocity distributions) suggests that a complete ex­

planation should include finite - b e a m  - spread effects. I a m  indebted to M, N. 
3

Rosenbluth for helpful discussions.

* W o r k  performed under the auspices of the U. S. Atomic Energy 
Commission.

1. C. C, D a m m ,  J. H. Foote, A. H. Futch, and R, F. Post, Phys. Rev. 
Letters 10, 323 (1963).

2. B. Lehnert, Nuclear Fusion, 1962 Supplement, Part 1, pf 135.

3. D. B. Chang, L„ D. Pearlstein, and M. N, Rosenbluth, "On the 
Interchange Stability of the V a n  Allen Belt", GA-6007 (January 1965).



Stability of Flute and Universal Mo d e s  in a
Finite Pressure Plasma*

Nicholas A. Krall and L. Donald Pearlstein

General Atomic Division 
General Dynamics Corporation

Most of the familiar drift instabilities (flute, universal, etc. ) were 

calculated in the limit = (plasma pressure)/ (magnetic pressure) = 0 ,

In this limit the perturbed electric field is electrostatic, and the Vlasov 

equation is remarkably simplified. The /3 limit for validity of the electro - 

static approximation depends on the particular m o d e  considered and m a n y  

present experiments fall outside the range. T w o  well -known low frequency 

drift instabilities are examined at arbitrary /3 ; the zero /3 regime is 

determined and stability criteria for larger values of (3 are derived. The 

finite L a r m o r  radius (R) flute instability in a uniform magnetic field

B  = i|| simulating field curvature by a fictitious gravity is considered

first. It is shown that the lowest order ominously large contribution,
2inversely proportional to R  , cancels to all orders of /3 . The leading 

terms are then independent of R, and are included in the eigenvalue prob­

lem; stability criteria are obtained for various ranges of /3. Next the
—  -*■ iki r | ikn r,i

universal instability E  = E e  e is considered. Hereperturbed
the zero jS limit is dependent upon wavelengths. If /3 < (electron m a s s )/

(ion m a s s ), or if B < (kn r ) where r = plasma radius and l/k,, >
II p p H ~

plasma length, the zero |3 limit obtains. Since the instability only exists
2for (k r ) <0. 01, a modest plasma pressure violates the zero |S limit.

P _2W e  include finite B (k,, r ) , and calculate finite length stabilization,II p
with and without magnetic curvature. W e  find that the other effect of curva­
ture, stabilization by cusps of arbitrary length systems, is unaffected by 

finite /3.

This work was supported in part under a joint General Atomic - Texas 
Atomic Energy Research F  oundation program on Controlled T h e r m o  - 
nuclear Reactions, and in part by the National Aeronautics and Space 
Administration, Office of Space Sciences, . Geophysics and Astronomy 
Program.



Flute Instabilities at Ion Gyrofrequency*

T. K. Fowler and Y. Shima 

Oak Ridge National Laboratory

Flute modes propagating perpendicular to B  are expected to be 

important sources of anomalous diffusion. Besides hydromagnetic flutes, 

there also exist flute mo d e s  at the ion gyrofrequency CO . and its har­

monic s caused by resonance between ion gyration and various drift waves,

notably the diamagnetic drift proportional to the gradient of the density n .o
In their investigation of these "drift-cyclotron" m o d e s , Mikhailovsky and
Timofeev^ found a density threshold for instability at u> . = (R/a) U) .

-i 2 -1 pl C1where R  = (n^ dn^/dr ) 1 2 for cylinders, a is the ion gyro radius and

W pi i°n plasma frequency. In large plasmas, this corresponds to

high densities, for example n = 10^/cc at R/a = 100 and B  - 10 kg.

Maxwellian ions and a monotonically decreasing density were assumed.

In search of gyrof requency flutes at lower densities, we have examined

various non-Maxwellian ion distributions (as in mirror machines) and
2radial density n cc r at r = 0. For the latter, the threshold is CO ~i_ o pi

(R/ a)2 , considerably lower than that for the case considered by

Mikhailovsky. Throughout w e  employ cylindrical geometry rather than 

the slab approximation used by Mikhailovsky, W e  confirm results for his 
case.

* Research sponsored by the U. S. Atomic Energy Commission under 
contract with the Union Carbide Corporation.

1. A. B. Mikhailovsky and A. V. Timofqev, Soviet Phys. —  J E T P  17,
626 (1963).







Steady Nonlinear Waves in a W a r m  
Collision-free Plasma

H, Kever and G. Morikawa

Courant Institute of Mathematical Sciences 
N e w  York University

W e  give a self-consistent formulation describing the steady 
motion of a warm, weak plasma pulse moving oblique to a strong 
magnetic field, A  rather complex parametric relation is obtained 

connecting the pulse width to the other physical parameters, i. e, , 

mass ratio of electrons and ions, obliqueness angle, and tempera-? 
ture of electrons and ions.



Ion-Acoustic Waves and Electron Plasma Oscillations

H. Weitzner and D. Dobrott

Courant Institute of Mathematical Sciences
N e w  York University

In certain parameter ranges it is possible to observe exponen­

tial damping of waves in a collisionless plasma for a limited interval 

in space or time. Results are presented both for ion-acoustic waves 

and for ordinary electron plasma oscillations. No assumptions other 

than smoothness are m a d e  coneerning the various distribution func- 

tions, and under appropriate circumstances Maxwellians are accept­
able distribution functions.



Structure of a Perpendicular Shock Wave*

Pung Nien Hu**

Courant Institute of Mathematical Sciences 
N e w  York University

Based on the m o m e n t  equations of the Boltzmann equations for 
fully ionized gases, analytic solutions of weak perpendicular shock 

waves are obtained. The result shows that all w e a k  shock w a v e s , in 
ionized gases as well as in neutral gases, have similar profiles given 

by the hyperbolic -tangent function of the distance. The shock thickness 

is found depending on four basic parameters, namely, the m e a n  free 

path of the gas, the length of penetration, the Larmor radius based on 
thermal speed, and the m a s s  ratio of electron and ion. F r o m  the ex­
plicit expression of the shock thickness, various significant cases are 
derived.

The most interesting case occurs when the m e a n  free path is 

larger than the electron length of penetration which is in turn larger 

than the electron L a r m o r  radius; the shock thickness is always less

metric m e a n  of the m e a n  free path and the electron L a r m o r  radius. 

Furthermore, if the m e a n  free path is in the order of the geometric 

m e a n  of the electron and ion lengths of penetration, the shock thickness 
is in the order of the geometric m e a n  of the electron and ion L a r m o r

radii.

Work supported by the Atomic Energy Commission.
Present address: Davidson Laboratory, Stevens Institute of

Technology, Hoboken, N e w  Jersey.



Radiation by a Plasma:
Quadrupole Bremsstrahlung and Synchrotron Emission* 

T h o m a s  J. Birmingham

Plasma Physics Laboratory, Princeton University

A  model previously developed'*’ for computing the radiative emission 
from a plasma has been applied to two n e w  problems. The long w a v e ­

length expansion previously considered only to lowest (dipole) order has 

been extended and the power spectra resulting from quadrupole electron- 

ion and electron-electron collisions evaluated. Even for relativistic ally 

energetic plasma, the contribution due to these effects is found to be small 

by comparison with the dominant electron-ion dipole emission. The gen­

eration of synchrotron radiation by relativistically gyrating electrohs has

also been computed within the framework of the model. In the absence qf
2

a plasma background, the Trubnikov power spectrum is obtained. In
2addition, corrections of order ( CO / Cb) are derived for the emission atP

higher harmonics by a relativistic electron radiating into a colder plasma. 

Numerical calculations indicate that the effect of the plasma is to reduce 
the power radiated.

* This work accomplished under the auspices of the U, S. Atomic 
Energy Commission.

1 • T. Birmingham, J. Dawson, and C. Oberman, Phys. Fluids 8, 
297 (1965).

2, B. A. Trubnikov, Ph, D. Thesis, M o s c o w  Institute of Engineering 
and Physic s, 1958 (Translation: A E C  -tr -4073).



The Diffusion of Test Particles in a Magnetic Field*

O, C. Eldridge and E. G» Harris 

University of Tennessee

The diffusion coefficients for the transport of a plasma across a 
magnetic field are calculated directly from the motion of test particles. 
The method is sufficiently general to describe anomalous diffusion as 

well as Collisional diffusion. A  consistent perturbation theory is devel­

oped for calculating particle orbits in which secular terms are elim- 

inated. These secular te r m s , quantities that increase linearly with 

time, appear when conventional perturbation theory is applied to the 

orbits and invalidates the basis of the theory.
The spatial diffusion coefficient is found to be directly related to 

the diffusion in velocity space. A n  equation is developed which describe 
the diffusion in phase space, both spatial and velocity diffusion. The dif 

fusion coefficients are derived for an arbitrary spectrum of fluctuations 
of the electric field. The electric field is assumed to be longitudinal, 

but no restrictions are imposed on its frequency or wavelength.

This work was supported in part by a consulting contract with the 
Oak Ridge National Laboratory.


